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Abstract 



We prove that if G is a countable discrete group with property (T) 
over an infinite subgroup H ^ G which contains an infinite Abelian 
subgroup or is normal, then G has continuum many orbit inequiva- 
lent measure preserving a.e. free ergodic actions on a standard Borcl 
. probability space. Further, we obtain that the measure preserving a.e. 

J> ' free ergodic actions of such a G cannot be classified up to orbit equiv- 

alence be a reasonable assignment of countable structures as complete 
invariants. We also obtain a strengthening and a new proof of a non- 
classification result of Foreman and Weiss for conjugacy of measure 
' preserving ergodic, a.e. free actions of discrete countable groups. 

t> ' 
o 

^— > 

^ ' HI. r.NTRODrC 'TION 

.£h ! (A) Let Gq and G2 be discrete countable groups, acting by measure pre- 

^ ' serving transformations on standard Borel probability spaces (X, fx) and 

(Y,u), respectively, and giving rise to orbit equivalence relations Eq 1 and 
Eq 2 . Recall that the actions of Gq and G2 are orbit equivalent if there is a 
measure preserving transformation T : X — > Y such that 

xE Gl y T(x)E G2 T(y). 

The notion of orbit equivalence was introduced by Dye in [6],[7j, who proved 
that any two ergodic Z-actions are orbit equivalent. Connes, Feldman and 
Weiss generalized this in [3] to all countable amenable groups, and even- 
tually the combined work of Connes, Weiss [5], Schmidt [21 j . and Hjorth 
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|13j showed that this characterizes amenability: Any non-amenable discrete 
group has at least two non-orbit equivalent ergodic a.e. free measure pre- 
serving actions on a standard Borel probability space. 

Recall that a group G is said to have the relative property (T) over a 
subgroup H ^ G if there is Q C G finite and e > such that whenever 
7r : G — > is a unitary representation of G on a Hilbert space with a 
unit vector £ S 3C such that for all g € Q 

IKs)(0-£lk <e, 

then there is a non-zero H- invariant vector in ir. The purpose of this paper 
is to prove the following (Theorem 4, §4): 

1.1. Theorem. If G is a countable discrete group with the relative 
property (T) over an infinite subgroup H ^ G such that either 

{%) H contains an infinite Abelian subgroup or 

(ii) H is normal in G, 
then G has continuum many orbit inequivalent a.e. free measure preserving 
actions on a standard Borel probability space. 

Such groups include well known examples such as the pair (SL2(%) k 
Z 2 ,Z 2 ), as well as any group with Property (T) outright, and groups that 
are formed by operations that preserve the classes (i) and (ii), such as free 
and direct products of arbitrary countable groups with a group with the 
relative property (T) over an infinite abelian subgroup. 

It should be noted that (ii) in Theorem 1.1 was proven by Popa in 
[19j . We obtain a different proof here. The condition of normality can be 
weakened, see §3 Theorem 3. 

(B) In descriptive set theory, a theory of classification has emerged over 
the last two decades, centered around the notion of Borel reducibility: If X 
and Y are Polish spaces and E and F are equivalence relations on X and 
Y, respectively, we say that E is Borel reducible to F if there is a Borel 
f : X ^Y such that 

(\fx,yeX)xEy f(x)Ff(y). 

We write E <b F if this is the case, and E <b F if E <b F but not 
F <b E. Considering E and F as (potentially interesting) classification 
problems among the points of X and Y, respectively, we can interpret the 
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statement E <b F as saying that the points of X are classified up to E 
equivalence by a Borel assignment of .F-equivalence classes as complete in- 
variants. Alternatively, we may think of E <b F as an expression of the 
relative difficulty posed by the two classification problems. The reason that 
/ is required to be Borel is to guarantee that the classification is reasonably 
"computable" , thus avoiding the useless classifications offered by the axiom 
of choice. 

The notion of Borel reducibility will allow us to state the theorems of 
this paper in a much sharper way. We say that an equivalence relation E 
(on a Polish space X) is smooth or concretely classifiable if there is a Borel 
/ : X -> R such that 

(Vx,y G X)xEy <(=>• f( x )=f(y), 

that is, if there is a complete classification using real numbers as invariants. 
A pivotal example of a non-smooth equivalence relation is Eq, defined on 2 N 
by 

xE y (3iV)(Vn > N)x(n) = y(n). 

However, there are natural equivalence relations far beyond the complex- 
ity of Eq. An important divide in the landscape of classification is the 
distinction between those equivalence relations that allow classification by 
countable structures, that is, allow a Borel assignment of invariants such as 
countable groups, graphs, trees, etc., considered up to the natural notion of 
isomorphism, as oppose to those that do not. (Precise definitions are given 
in §2 below.) Then we have the following sharper version of Theorem 1.1: 

1.2. Theorem. If G is a countable discrete group with the relative 
property (T) over an infinite subgroup H ^ G such that either 
(i) H contains an infinite Abelian subgroup or 
(it) H is normal in G, 

Then orbit equivalence of measure preserving ergodic G actions is not 
smooth and cannot be classified by countable structures. 

It should be noted that by a result in [22], which was based on the 
result of Popa in [19], that in the case (ii) above it was known that the 
isomorphism relation for countable torsion free abelian groups ~ tfa Nq is 
Borel reducible to orbit equivalence. Thus the above Theorem shows that 
it is in fact strictly above ~tfa N() m the < B -hierarchy, and rules out that 
countable discrete groups can, in a reasonable way, be used as complete 
invariant for orbit equivalence of groups with the relative property (T). 
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We refer the reader to the introduction of [13] for further background 
on the very interesting subject of Borel reducibility and the descriptive set 
theory of classification problems. 

(C) The proof of Theorem 1.2 (and 1.1) is based on the method used 
by Hjorth in |13j . relating conjugacy of measure preserving actions to orbit 
equivalence. The most important case is when G is a group with the relative 
property (T) over an infinite Abelian subgroup H ^ G. 

Let a and r be measure preserving G actions on a standard Borel prob- 
ability space (X,fj,). We will say that a and r are conjugate on H if a\H 
and t\H are conjugate. We write a ~# r. We say that a is ergodic on H if 
a\H is ergodic. In §4 we prove the following relativization of Corollary 2.6 



1.3. Lemma. Let G be a countable group with the relative property (T) 
over the infinite subgroup H ^ G. Then at most countably many ergodic- 
on-H probability measure preserving actions of G that are not conjugate on 
H can be orbit equivalent. 

Given this, the task becomes to produce many G actions that are non- 
conjugate and ergodic on H. To this end we prove a version of Foreman and 
Weiss anti-classification result in [8j (Theorem A) for extensions of actions. 
This is based on Theorem 5.1 of Kechris and Sofronidis in |17] : 

Theorem (Kechris-Sofronidis) . Let X be an uncountable Polish space 
and let P C {X) be the Polish space of continuous Borel probability measures. 
Then absolute equivalence ~ in P C (X) is generically turbulent and thus it 
is not smooth and not classifiable by countable structures. 

Assuming now that H ^ G is an infinite Abelian group, then for each 
symmetric measure a on the dual H we have an associated real positive 
definite function 



Then if (p a is the trivial extension to G, then we may construct a Gaussian 
action p a of G as in [9j p. 90-91. In Lemma 3.5 we will compute a for- 
mula for the maximal spectral type of the Koopman representation K a \H of 
this action restricted to H. We then show that if the measure a has sup- 
port on a "sufficiently independent" set (see Definition 3.11), then a i— ► p a 

See §2 for a definition. 



in [13]: 
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provides us with a Borel function such that equivalent measures produce 
conjugate G-actions, and inequivalent measures produce G-actions that are 
non-conjugate on H. Furthermore, the action p a \H will be weakly mixing. 
Thus o~ i — ► p,j is a Borel reduction of « to 

We note that we obtain a new proof and a stronger version of Foreman 
and Weiss' result (Theorem 1, 2 and 3, §3): 

1.4. Theorem. Let G be a countable discrete group and let H ^ G be 
an infinite subgroup. Let (X, p) be a standard Borel probability space. Then: 

(i) The measure preserving H -actions on (X, p) that can be extended to 
an ergodic measure preserving G-action on (X, p) cannot be classified up to 
conjugacy by countable structures. 

(ii) If H either contains an infinite Abelian subgroup or is normal in G, 
then the measure preserving ergodic H -actions on (X, p) that can be extended 
to an ergodic measure preserving G-action on (X, p) are not classifiable by 
countable structures. 

(D) The author would like to thank Greg Hjorth for useful discussions 
about the ideas for this paper at an early stage while the author was visiting 
the Mathematics Department and Logic Center at UCLA, in July 2006, and 
Alexander Kechris for making available his extensive new notes on measure 
preserving actions [16], the appendices of which were indispensable to this 
work. The author would also like to thank the referee, whose comments and 
suggestions have improved this paper vastly. 

Research for this paper was supported in part by the Danish Natural 
Science Research Council grant no. 272-06-0211. 



§2. Borel reducibility 

2.1. Notation: Throughout this paper, if E is an equivalence relation 
on some set X and Y C X, we will write E Y for E\Y x Y . 

2.2. Reducibility notions. We first introduce two variant technical no- 
tions of Borel reducibility that will be of useful for us in this paper. Let 
X, Y be Polish spaces, and let E and F be equivalence relations on X and 
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Y, respectively. Recall that we say that E is Borel reducible to F, written 
E <b F, if there is a Borel / : X — > Y such that 

(Vx,yeX)xEy f(x)Ff(y). 

If i* 1 ' is another equivalence relation on V and F Q F' then it is natural to 
introduce the following stronger notion: We will say that E is Borel reducible 
to the pair (F,F'), written E <b (F,F'), if there is a Borel function / : 
X —* Y" such that 

(yx,y€X)xEy f(x)Ff(y) A f(x)F'f(y) => x£y. 

It is clear that if _E (i* 1 , i 7 ') then for any equivalence relation i 7 C F" C F' 
we have E < B F" . 

A useful weaker reducibility notion is the following: We say that i£ is 
Borel countable-to-one reducible to i* 1 , written S < B i 7 , if there is a Borel 
f : X ->Y such that 

x£y f(x)Ff(y) 
and the induced map / : X/E 1 — > Y/F : = is countable-to-1. 

2.3. Classification by countable structures. Recall that an equivalence 
relation E admits a classification by countable structures (or is classifi- 
able by countable structures) if there is a countable language C such that 
E <b~ Mod(£)> where — Mod(£) is isomorphism for countable models of C 
(see [H] for details.) Let E be an equivalence relation on a Polish space X. 
We will say that E is generically turbulent if 

i) All E classes are meagre and 

ii) There is a Polish group G acting continuously on X such that the 
induced orbit equivalence relation Eq C E and the action of G on X is 
generically turbulent in the sense of [14J. 

Then it is immediate from [Uj, Theorem 3.18, and p], Theorem 3.4.5, 
that if E is generically turbulent then Eq <b E and E is not classifiable by 
countable structures. Further we have: 

2.4. Proposition. Let F be an equivalence relation on a Polish space 
Y , and suppose there is a generically turbulent equivalence relation E on a 
Polish space X such that E < B F. Then Eq <b F and F does not admit a 
classification by countable structures. 
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Proof. Let / witness that E < B F. Define 

xE'y f(x)Ff(y). 

Then E C E' and E' has countable index over E. Thus E' is generically 
turbulent. Since by definition E' <b F it follows that Eq <b F and that F 
is not classifiable by countable structures. □ 



3. CONJUGACY ON A SUBGROUP 



Let (X, /j.) be a standard Borel probability space. We denote by Aut(X, fi) 
the group of measure preserving transformations on X, which we give the 
weak topology (c.f. [E])- Further, if G is a countable group, we denote by 
A(G, X, n) the set of homomorphisms of G to Aut(X, fx) equipped with the 
subspace topology it inherits from Aut(A, //) , and identify A(G, X, fi) with 
the space of measure preserving transformations. £(G, X, fj,) and W(G, X, (j,) 
denote the subsets of ergodic, respectively weakly mixing, measure preserv- 
ing actions of G on X. We denote by A*(G, X, (j,) C A(G, X,/x) subset of 
a.e. free actions, and we let 

S*(G,X,n) =£(G,X,fi)nA*(G,X,fi) 
W*(G,X,n) = W{G,X,fi)nA*(G,X,n). 

Aut(X,/j,) acts on A(G,X,/i) by conjugation. We denote by ~ the conju- 
gation relation in A(G,X,fi). 

If H is a subgroup of G, then we denote by £jj(G, X, fi) the subset of 
a £ £(G,X,fi) such that a\H is ergodic as an action of H, that is, the 
ergodic on H m.p. actions of G as defined in the introduction. Similarly, we 
denote by Wh{G,X,/j,) the set of a € W(G, X, /i) such that a\H is weakly 
mixing. We denote by ~# the equivalence relation in A(G, X, fi) of being 
conjugate on H: That is, for a, r £ A(G, X, n) we write a ~# r iff there is 
T £ Aut(X, fi) such that on a measure one set we have 

(VheH)T(<r(h)(x))=T(g)(T(x)). 

Finally, we define the corresponding sets of free actions £jj(G, X, fj,) and 
Wjj{G,X,h) as before. 

Let A be a Polish space. We will denote by P(X) the Polish space 
of all Borel probability measures, c.f. p3] pp. 109. We denote by P C (X) 
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the subset of continuous (i.e. non atomic) probability measures. If X is 
uncountable then P C (X) is a dense G$ subset of P(X), cf. [T7]. Absolute 
equivalence ~ is a Borel equivalence relation in P(X), cf. [15] 17.39. In 
this section we will prove the following: 

Theorem 1. Let G be a countable group and A ^ G an infinite abelian 
subgroup, and let (X, p) be a non-atomic standard Borel probability space. 
Then ^( 2N )< B pKC^l.WKGAri^ Sq for any A ^ H ^ G we 
have that Eq <bc^ h ^ G ' X '^ and ^^h( G ' X '^) ^ s nQ ^ c l ass ifi ao \ e by countable 
structures. 

The proof is presented in a sequence of lemmata. For the rest of this 
section, A ^ G is a fixed infinite abelian subgroup of G, and G is a fixed 
countable group. We also fix once and for all a sequence {gi) of coset repre- 
sentatives, and suppose that the identity is chosen to represent A. 

The idea of the proof is the following: Given a finite (continuous) mea- 
sure a on the dual A, we have the corresponding unitary ir a on L 2 (A, a). If 
a is a symmetric measure, then the corresponding positive definite function 
(p a is real valued. Considering then Ind^(7r CT ) of G, which corresponds to the 
trivial extension (p a of tp a , we can then obtain a Gaussian G-action p a as in 
[9] (p. 90-91). Considering this action as an A-action, we will compute the 
maximal spectral type of the corresponding Koopman representation, using 
a notion of "lifted" spectral measure, introduced below. We will then show 
that if the measures u, a' have support on a suitably chosen perfect subset 
C of A, then the resulting Gaussian action p a \A and p a '\A are conjugate as 
^-actions if and only if a and a' are absolutely equivalent. 



3.1. Lifts. Let H < A be a subgroup of the abelian group A. We define 
P H : A H by 

Ph(x) = X\H. 

Let (j be a positive finite measure on H, and let r : H — > P{A) : \ l—> T x ^ e 
a Borel assignment of probability measures such that for all x £ H we have 

t x (PhHx)) = 1- 

Then we define the r-lift of a to be the measure a T on A defined by 

fda T =11 f(r])dT x (r])da(x). 



S 



Note that the lifting process respects absolute continuity: if a <C cr' then 
a T <^ a' T . Note also that if H' ^ H is a subgroup, then Ph'WA = Ph' Wi- 
lli particular, P#[oy] = cr. 

3.2. Haar lifts. A special instance of this construction arises as follows: 
Identify A/H with the set of characters x € A such that x\P = 1) an d let 
^A/H ^ e ^ e ( normanze d) Haar measure on A/H. Then for x € -ff define 
for a Borel B C A, 

where \ is some (any) extension of x to a character on A^ Note that X x is 
independent of the choice of extension x since ^-^jjj is translation invariant. 

Then A X (P# (%)) = 1 and x ^ A x is a Borel assignment of Borel probability 
measures on A. For a measure cr on H we call the lifted measure <ta on A 
the Haar lift of a, and denote it a^, with a purposely suggestive notation. 
It is routine to check that if <p a : H — > C is the positive definite function 
corresponding to the spectral measure a on H, then is the spectral 
measure of the trivial extension of ip a to A. 

For each coset representative gi, define Hi = A n giAg^ 1 and iJj' = 
g~ 1 Agi (~l A We also define ^ : Pj — > il^ to be the isomorphism 

¥>i(°) = 9i la 9i- 

Note that </>j only depends on the coset, not on the choice of representative. 
We denote by (f>i : H[ — > Hi the associated isomorphism of the character 
groups, (pi{x) = X 0i Pi- More generally, and in a slight abuse of notation, we 
will also denote by (p>i the homomorphism A — > Hi defined by (p>i (x) = X 0( Pi- 
If there is any danger of confusion, that latter will be written (pi o Pjji. We 
leave the proof of the next Lemma as an easy exercise for the reader in using 
the definition of lifts and induced representation: 

3.3. Lemma. Suppose (it, SC) is a unitary representation of A on a 
separable Hilbert space and that A is a subgroup of some countable dis- 
crete group G. If the maximal spectral type of it is a, then the maximal 

2 We note that we may find a Borel \ l— * X function for this purpose since we may find 
a transversal for the equivalence relation induced by the natural action of the compact 
group A/H on A, using |16| . Theorem 12.16. 
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spectral type of lnd A (7r)\A is 

i 



3.4. Let a be a symmetric, finite and positive measure on A, so that the 
associated positive definite function ip a is real valued. Let (p a be the trivial 
extension of ip a to G, and let \x a = /x^ CT be the associated Gaussian measure 
on M G , which we denote p a . If k is the associated Koopman representation 
on L 2 (R G ,/i) then 

^V) ^ Ind^(vr CT ), 

(c) 

where H\ is the 1st Wiener Chaos. It follows from Lemma 3.3 that the 
maximal spectral type of n H i } ^\A, which we denote by w a , is 

i 

Thus the maximal spectral type of the Koopman representation k is exp(u> CT ), 
from which we obtain: 

3.5. Lemma. With notation as in 3.4, the maximal spectral type of 
Ko\A is 

Yl 2 n 2 «i + -+«n ^i • 
U,...i„6N 

3.6. Definition. For a finite positive measure a on A, define 

«i,...j„eN 

nSN 

so that the previous Lemma states that the maximal spectral type of kq\A 
on L§(K G ,/v) is 

The following Lemma is routine and we omit the proof. 
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3.7. Lemma. Let H < A be a subgroup of A with infinite index and 
suppose C C A is a Borel set such that for Ph\C is 1-1. Then: 

(i) For any finite positive Borel measure a on H and x G A it holds for 
the Haar lift that a^(xC) = 0. 

(ii) For any finite positive Borel measure a on H and any finite positive 
Borel measure r on A we have that 

T*a£(C) = 0. 



3.8. Definition. A subset C C A is called sufficiently independent if 

1. For all i such that Hi is infinite we have that -Pf/JC is 1-1, and for all 
i such that H'- is infinite we have that PuAC is 1-1. 

i 1 

2. For all xi, ■ ■ ■ , Xk, Xk+i G C distinct and all H h , . . . H ijik with [A : 

< oo for all j = 1, . . . , fc, and all s : {1, . . . , k} — > {—1, 1} we have 

that 

k 

\[xf 3) °^l^(n,...,i fc ) / Xfc+i|^(ii,...,i fc ). 
i=i 

where 

H (h,...,i k ) = n A"*,- 

Moreover, for a measure <r on A we define the symmetrization a of <r by 

a(B) = i((r(B) + a(B*)) > 

where i? C ^4 is Borel. Note that if ip : A —> H is a Borel homomorphism of 
A into some (Polish) group H then ip[a] = ipW]- 

The following is immediate from the definition of being sufficiently inde- 
pendent: 

3.9. Lemma. Suppose C is a sufficiently independent subset of A. 
If a is a continuous Borel measure on C then for any i such that Hi is 
infinite PnA a } an d -Pffbl are continuous. Moreover, the measure <fii[o] is 
continuous. 

We then have: 
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3.10. Lemma. Suppose C is a perfect sufficiently independent subset 
of A such that A^(C) = 0, and let o~,t be finite non-atomic positive Borel 
measures on C . Then a 96 r implies $5- 96 <I>^. 

Proof. Suppose B C C is a Borel set such that ct(-B) > and t(B) = 0. 
Note that by definition a <C thus <I>,5-(-B) > 0. For simplicity, we will 
write <7j for <^i[<r]^. and T{ for <£i[t]#. . 

We claim that <&f(.B) = 0. For this, it suffices to show that for all 
i\ , . . . i n 6 N we have 

Tii *---*Ti n (s) = 0. 

If for some 1 < k < n we have that L4 : Hi k ] = 00 and |HiJ = 00 then it 
follows from Lemma 3.7 that 

hi *'~*? in (B) = 0. 

Also, if \Hi k \ < 00 for some 1 < k < n is clear that fi k C Aj. It follows 
thai 

n n 

n*% < (ii *%) * x a = A i> 

where the latter follows from the translation invariance of the Haar measure 
Xt. Since we assumed A *(C) = it follows that 

Th *---*t in (B) = 0. 

So without loss of generality, assume that [A : Hi ] < 00 for all j = 
1, . . . , n. Let 



H = H(i u ...,i k ) = f] H, 



j 

3=1 

Then [A : H) < 00, too. Thus Ph is finite-to-1 and so Ph(B) is Borel. We 
will show that 

n 

Ph[U *%}(P H (B)) = 0, 

3=1 

from which it clearly follows that * ■ ■ ■ * fi n {B) = 0. 
Since Pjj is a homomorphism we have 

n n 
P H [U *h d }=l[*PH[h j ]. 

3=1 3=1 



3 We use the notation FJ" =1 = /Ui * • • • * /i« 
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Further, we have Pff^.] = P H o ^[f] since = 0i,[r]#. . 
Suppose for a contradiction that 

n n 

[II *%]( P h(B)) = Y[*P H o l3 [r]{P H {B)) > 0. 

3=1 3=1 
By definition then 

ffrofojf] x ••• xPff0^ n [f]({(xi,...,Xn) S H : Xi •••Xn G Pff(-B)}) > 0. 

It follows by repeated applications of Fubini's Theorem we may then find 
Xij • • • ; Xn G C \ B distinct and s : {1, . . . , n} — > {—1, 1} such that 

Ph o ^ (Xi (1) ) • • • Ph o & n (x£ (1) ) = Pff fa) 
for some ry 6 5. But this says precisely that 

n 

Hxf ) °^|^ = r/|H, 

3=1 

flatly contradicting that C is sufficiently independent. □ 



3.11. Lemma. There is a perfect sufficiently independent subset of A. 

Proof. We will use Mycielski-Kuratowski's Theorem ([15 , Theorem 19.1, p. 
129.) For each infinite subgroup H < A let 

Rh = {(X,V) G A x A : Pff(x) / PffO?)} 

and for each sequence i±, . . . , i n € N where such that [A : < oo for all 
1 < j < n and s : {1, . . . , n} — » {—1, 1} let 

n 

Q(U,...,in) = {(xij . . . j Xm)??) £ . "Q Q¥? . .\ Hiil _ in) ^ V \H {il _ ln) } 

3=1 

where 

n 

H(h,...,i n ) = Pi Fi r 
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Claim 1. For each infinite H < A the relation Rh is comeagre in 
Ax A. 

Proof. By Kuratowski-Ulam's Theorem it suffices to show that for each 
77 £ A the set 

{x G i : P H ( X ) = P H (V)} = ??{x G i : X \H = 1} 

is meagre, and so to show that {x G A : x\H = 1} is meagre. Suppose not. 
Then by Pettis' Theorem ([T5], 9.9) it contains an open neighborhood of the 
identity. The map x x\H is open by the open mapping Theorem, and so 
it follows that {1} is open in H. Thus H must be discrete, and so H itself 
must be finite. □(Claim 1) 

Claim 2. Q^ 1 ''"' 1 ™^ is comeagre in A n+l . 

Proof. Let H = Ha lt ^\. By Kuratowski-Ulam's Theorem it is suffi- 
cient to show for each r/ £ A that the set 

n 

{(Xi , • • • , Xn) G A" : J] xf } o ^ |i? = V \H} 
is meagre. Define 9 : A k -> by 

n 

e(xi,---,xfc)=n^ (i) °^i fr - 

i=i 

Then is a continuous homomorphism. In fact 6 is onto since if x G if then 
let x G A be a character extending x s ^ V 3 ^ 1 to A, then 

0(x,i,...,i) = X- 

Thus by the open mapping Theorem 6 is open, and so by Pettis' Theorem 
if the set 

ker(0) = {(xi, • • • , Xn) G A n : 9( X l, ■ ■ ■ , Xn) = 1} 

is non-meagre then {1} is open in H, and so H must be discrete and H must 
be finite. But this contradicts that [A : H] < 00. So ker(#) is meagre, and 
so since 

n 

( Vl ,..., Vn ) kei(8) = {(xi, . . . , Xn) G A n : ]J X f j) o Vi . \H = V \H} 

3=1 
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where 0(rji, . . . , rj n ) = rj\H, it follows that this set is meagre. □(Claim 2) 

Applying the Mycielski-Kuratowski Theorem, it follows from Claim 1 
and 2 that there is a perfect set C C A such that for all i such that Hi 
is infinite and j such that H'- is infinite and all Xj V £ C distinct that 
(x, 57) £ -Rffj and 77) E jR^-/ , and for all %i, . . . , Xfc+i £ C distinct we have 

(xi, • • • , Xfc+l) £ Qi* 1 ''"'* n ' ) . Then this C is a perfect sufficiently independent 
set. □ 



Proof of Theorem 1. By Theorem 5.1 in [T7j, we have that ps-^ 2 ) is a gener- 
ically turbulent equivalence relation. Thus Eq <B~c an d ~c is not classi- 
fiable by countable structures. 

Let C C ^4 be a perfect sufficiently independent subset, which we assume 
has Haar measure 0. For each a G P C (C) let a be the symmetrization and 
let Pa be defined as in 3.4. It is clear that if a, a' € Pc(C) are absolutely 
equivalent then p$ and p%i are conjugate. If on the other hand a 56 a', then 
by Lemma 3.10 p&\A and p&\A are not conjugate, since otherwise $5- pa $37. 

If pa- is not a.e. free, then we may instead consider the product with the 
Bernoulli shift action on (M G , /%> re9 ), where /a^ is the product of standard 
iV(0, 1) Gaussian probability measures. Then this action is free and as an 
^-action it has same spectral properties as p&. 

Since the assignment P C (C) — * P C (M. G ) : a p a is continuous we have 
that 

~ Pc(C) <B (~ w i( G ' X '^, ~^ (G,x,/l) ). 

Since for A < H < G we have that ^(GX.ric^^^^c-^^^ 
the remaining claims of Theorem 1 now follow from Proposition 2.4 and |17j 
Theorem 5.1. □ 

3.12. The not type I case. The argument above unfortunately depends 
completely on the fact that Abelian groups have a "nice" representation 
theory. In case H is not abelian by finite, i.e. not type I, it is known by a 
result of Hjorth [12] that the infinite dimensional irreducible unitary repre- 
sentations of H cannot be classified by countable structures, in fact unitary 
equivalence ~ u in the space Irr QO (i7) of infinite dimensional irreducible rep- 
resentations has a turbulent part. Thus we have the following: 

Theorem 2. Suppose G is a countable group and H is an infinite 
subgroup which is not abelian-by- finite. Let (X,p) be a non-atomic stan- 
dard Borel probability space, and let S£ be an infinite dimensional separable 
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Hilbert space. Then ~„ rroo ^''^- ) <'g~^ ; ^ G ' X \ So in particular ^ G,x ^ i s 
not classifiable by countable structures and Eq <^~^ ^ G,x ^ 

Proof. (The proof follows the idea in [23], p. 110-111. See also Appendix 
E of [16] for a detailed account of this argument.) Let tt be an irreducible 
unitary representation of H on SK '. Then we can find a weakly mixing 
Gaussian action p n of G such that Ind^(7r) is a summand of the Koopman 
representation k. By Theorem E.l in [16J, tt i— > p^ maps equivalent unitary 
representation tt to conjugate G-actions. On the other hand, since tt < k\H 
at most count ably many inequivalent tt can give rise to conjugate-on-// 
actions. Thus tt i— ► p n is a countable-to-1 reduction of ~ u to —Hi an d the 
Theorem follows from Proposition 2.4. □ 

Unfortunately the above actions may fail to be ergodic on H ^ G, since 
in general Ind^(7r)|// may not be weakly mixing. If, however, H < G is a 
normal infinite subgroup and (tt, SC) is a weakly mixing representation of 
H, then Ind^(-7r)|ff is weakly mixing. More generally, we will say that a 
subgroup H G is index stable if for all g £ G we have that 

[H : c/tf^ 1 nff]<co «=> [H : g~ X Hg n fl] < oo. 

Then we have: 

Theorem 3. Suppose H < G is an infinite index stable subgroup of G 
which is not abelian by finite. If X is an infinite dimensional separable 
Hilbert space then 



Proof. It suffices to show that if (tt, is a weakly mixing unitary repre- 
sentation of H then Ind^(7r)|i? is weakly mixing. 

We again identify Ind^(7r) with TT a for some cocycle a : G x G/H — > 
as defined in [16], appendix G. Let / : G/H — > be a unit vector in 
l 2 (G/H, 3£). We claim that {ir a (h)(f) : h £ H) is not finite dimensional. 

For this, suppose f(gH) ^ for some = <7j. Assume first that [.ff : 
g~ 1 Hg(lH] < oo. Since for h £ gHg~ 1 C\H we have fog = g/j' for some h' £ H 
we have a(h,gH) = g hg for all /i £ gHg^ 1 n if. So for /i E gHg^ 1 n 
we get 

TT a (h)(f)(gH) = Triaih^^gHY^fih^gH)) = ir^hg^figH)). 
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Let P g H ■ l 2 (G/H, JT) — > be the projection map 

P 9 n(f) = f(gH). 

Then the above shows that 

P gH ((7r a (h)(f) : ft € ^P^ 1 n P» = (Tr(h)(P gH (f)) : /i G s" 1 ^ n P). 

But the latter cannot be finite dimensional since that would contradict the 
Lemma 4.4, since we assumed that [H : g~ 1 Hg n H] < oo. 

So we may assume that [P : g~ 1 Hg n P] = oo for all cosets gH where 
f(gH) ^ 0. Suppose for a contradiction that {it a {H)(f)) = (vr a (/i)(/) : ft € 
P) is finite dimensional, and let £1, . . . , be an orthonormal basis for it. If 
u G (7r a (H)(f)) is a unit vector and 

« = «i6 H 1- anCn 

then 

II^hHII < |ai|||^(Ci)ll + •■• + \a n \\\P g H^n)\\ 
<(|ai| + h|fln|) max ||P ff ff(&)|| 

l<fe<n 

< W i maX n ||P ff H(^ fc )||. 

Let r = maxj and let gi be such that ||/(<7j P)|| = r. We have 

r > since / is non-zero. Let 

A = { gi :(3k<n)\\P giH ^k)\\>r/n}. 

Then A is finite. It follows from the above that for gi £ A and unit vectors 
u G (vr Q (#)(/)} that 

||P Si ifHII <r. 

Now we must have that ft i— > hgi H ranges over infinitely many cosets: 
Indeed, if hgi H = h'g^H then we have hgi Q h = h'gi for some ft G H and 
so ft -1 /*' = gijig~\ Thus 

h^h' eg^Hg-^H. 

So if ft, ft' G P are not in the same coset of H/(gi Hg^ 1 n P) then hgi H ^ 
h'gi Q H, which proves that ft i— > hgi H has infinite range since we assumed 
that [H : g^Hg^ n P] = oo, and this implies that [P : g^Hg^ 1 n P] = oo. 
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It follows that we can find h £ H such that hgi H ^ giH for all gi 6 A. 
But now for this h we have 

\\-K<*{h){f){hg i0 H)\\ = \\7r(a(h,hg i0 r 1 )(f(9 l0 H))\\ = \\f(g io H)\\ = r 

while by the above we also have 

\\^{h){f)(hg l0 H)\\ = \\P hgioH {ir a {h){f))\\ < r, 

since 7r a (/i)(/) is a unit vector in (ir a (H)(f)) and hgi a ^ A. □ 



4. Orbit Equivalence. 



We will now prove an immediate generalization of Corollary 2.6 in |13j . 

4.1. Lemma. Let G be a countable group with the relative property (T) 
over the infinite subgroup H < G. Then at most countably many ergodic- 
on-H probability measure preserving actions of G that are not conjugate on 
H can be orbit equivalent. 

4.2. Before the proof, recall that if E is a measure preserving countable 
equivalence relation on a standard Borel probability space (X, fi) then the 
inner group or full group of E is 

[E] = {T £ Aut(X, fi) : (^x)xET(x)}. 

Since E is countable, [E] becomes a Polish group when given the uniform 
topology, which is induced by the metric 

d v (T, S) = [i{x G X : T(x) ^ S(x)}. 

Further, we may define a Borel measure M on E by 

M(A) = J \A*\dn(x). 

Where A x = {y : (x, y) € ^1}. Since E is measure preserving 

M(A) = [ \AV\dniy) 
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defines the same measure, where A y = {x : (x,y) G A}. The equivalent 
integral form is 

J f(x,y)dM(x,y) = J ^ f(x,y)dfi(x). 

y€[x] E 

For each T G [E] there is a corresponding unit vector in L 2 (E), 

and so it is natural to think of the space L 2 (E,M) as a "linearization" of 
[E]. 

Proof of Lemma 4-1- Let (Q,e) be a Kazhdan pair for (G,H) such that 
any (Q, e)-invariant unit vector is within of an .ff-invariant vector. Let 
a G £h(G,X,/j,) and denote by A a the set of r G £h{G, X, /x) such that 
E T C (a.e.). We equip A a with the topology it inherits as a subspace of 
[E a ) G when [E a ] is given the uniform topology. Note that A a is separable. 

We will show that conjugacy on H in A a is an open equivalence relation. 
Then it follows by separability that A a can only meet countably many ~ H 
classes, from which the Lemma follows. 

Let Ti, T2 G A a and suppose for all g G Q that 

H({xe X : riG/rV) + r 2 {g)-\x)}) < y. 

We claim that ti and T2 are conjugate on H. To see this, define a unitary 
representation ir T1,T2 on L 2 (E a ,M) by 

ir T1 ' T2 (g)(f)(x,y) = /(Tifo)- 1 ^),^)- 1 ^)). 

Denote by / the identity transformation. Then clearly ir T1 ' T2 (g)(Ai) = 
A T2 ^ T1 ^-i, and so for g G Q we have from our assumption that 

Htt^G/XAj) - A 7 ||| 2(£ff) = IIA^^-i - A||| 2(Bct) 

= y X] l A ^(sh(j)- 1 ( s 'f) - A 7 (x,y)| 2 ^(x,y) < e 2 . 
»e[x] B(T 

Thus A/ is (Q, e)-invariant, and so there is a .ff-invariant vector / G L 2 {E a ) 
with ||/ — A/|| L 2(£ ct ) < jq. Since ||/ — Ai\\ L 2( E ^ < ^ we must have that 

»{{x€ X:\l-f {x,x)\>±})<± 
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On the other hand, we must also have that 

n({x e X ■. {3yi,y 2 )yi + y 2 A f(x, yi ) > X - a f(x, y 2 ) > ^}) < ^. 
It follows that the set 

A = {xeX:(3\y)f(x,y)>±} 

has fi(A) > 0. Since moreover / is iZ-invariant, A is T\\H- invariant. Since 
Ti is ergodic in H we must have fJ-(A) = 1. 

Define </?(cc) to be the unique y € X such that f(x,y) > \. Then clearly 
V ^ It is also clear from the above argument that <p is invertible, since 
t 2 is ergodic on H. Thus 99 is measure preserving. 

From the .ff-invariance of / we now get that for h € H, 

\ < f(x,<p(x)) = K Tl ' T2 (h)(fKx,<p(x)) = f(T 1 (hy 1 (x),T 2 (hy 1 (<p(x))). 
Since ip(x) is the unique y where f(x,y) > 1/2 it follows that 

ip(n(h)- 1 (x)) = T 2 (hr 1 (^x)) 

for all h £ H. Thus 9? witnesses that t\ and T2 are conjugate on H. □ 

Let (X, fi) be a standard Borel probability space. We denote by ~ oe the 
equivalence relation of orbit equivalence in A(G, X, fx). Combining Lemma 
4.1 and Theorem 1 and 3, we then have: 

Theorem 4. Let G be a countable group with the relative property (T) 
over an infinite subgroup H , and let (X, fi) be a standard Borel probability 
space. If either 

(i) H is Abelian or 

(ii) H is not Abelian-by-finite and is index stable in G, 

then G has continuum many orbit inequivalent weakly mixing a.e. free ac- 
tions on (X,/j,). In fact, Eq <b—^oe^ GX '^ and c^ e ^ G ' X '^ is not classifiable 
by countable structures. 

Proof, {i) By Theorem 1 we have ^ P ^< B (-WKG^J^WKG,^)^ ^ 
9 : P C (2 N ) — > W* A (G, X,fi) witness this. Then 6 is also homomorphism of 

P C (2 N ) into c^ E ^ G ' X '^ . Since if /j,,fi' G -P C (2 N ) are absolutely inequivalent 
measures then 9{jj) and 6{fj!) are not conjugate on A, it follows by Lemma 
4.1 that at most countably many absolutely inequivalent measures in P C (2 N ) 



20 



can give rise to orbit equivalent actions. Thus 9 is Borel countable-to-1 
reduction of absolute equivalence in P C (2 N ) to ~^g G ' X '^\ Theorem 4 (i) 
now follows from Proposition 2.4 and Theorem 5.1 in |17j . 

(m) Let 3£ be an infinite dimensional Hilbert space. It is clear that 
the reduction tt i— > p n given in Theorem 2 is a homomorphism of ~ u in 
Irroo(iif, JT) to ~ and therefore also to ~oe- If H is index stable then 
by Theorem 3 the action p^ are weakly mixing on H. By Lemma 4.1 if 
follows that only countably many inequivalent tt can give rise to p n that are 
conjugate on H. Therefore the homomorphism it t— > p % is countable-to-1 
reduction of ~« to ~ OE ■ □ 
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